NOTES
1) Inthe marking scheme there are three types of marks:
M marks are for method
A marks are for accuracy and are not given unless the relevant M mark has been given (M0 Al is impossible!).
B marks are for a particular answer independent of method

2) Be especially careful where the answer is given in the question. * by an answer indicates that it is given in
the question.
3) Each question is followed by a summary showing for what each mark is awarded.

Ql

(i) Find the value of m for which the line y = mx touches the curve y = In x.

If instead the line intersects the curve when x = a and x = b, where a < b, show that a? = b®. Show by [7]
means of a sketch thata < e < b.

The gradient of the line joining the point (t,In t) to the origin is lnTt

Bl
The gradient of the curve y = In x at the point (¢t,Int) is %
Therefore t must satisfy Int = 1 and so the pointis (e, 1) M1
The gradient is i Al
ma =Inaandmb =1Inb M1
Ina _ Inb . b _ ra x
Therefore =5 which leads to a” = b?. Al
. B1
B1
The points of intersection are on different sides of the intersection with the tangent,so a < e < b.
(ii) The line y = mx + ¢, where ¢ > 0, intersects the curve y = In x when x = p and x = q, where
: 4> g [3]
p < q.Show by means of a sketch, or otherwise, that p? > qP.
Considering gradients: M1
lnz;—c _ ln(;—c Al
Therefore Inp? =1IngP + c(q —p) andso p? > gP. * Al
(iii) Show by means of a sketch that the straight line through the points (p,Inp) and (q,In q), where [5]

e < p < g, intersects the y-axis at a positive value of y. Which is greater =€ or e™?
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The gradient must be less than the gradient of the tangent.

Therefore the point of intersection must be on the positive y-axis.

So with p = e and g = 1 the conditions in part (ii) are satisfied
Applying the result of part (ii) e™ > m°.

B1
B1

B1

B1
B1



(iv) Show, using a sketch or otherwise, thatif 0 < p < g and e”1, then q? > pi.

Ing—Inp
Ing-Inp j
q-p

Therefore the intersection is at a negative value of y.
Considering gradients as in part (ii) gives Inp? = In q? + c(q — p),

butc(q —p) <0,s0qP >p9.*

= e~ ! means that the line is parallel to the tangent through the origin.

[5]
B1

B1
M1
Al
Al



(i)

B1 | Identifying the gradients.

M1 | Identification of the point at which the line meets the curve.

Al | Correct value for m.

M1 | Substitution into the equations.

Al | Correct solution (note that the answer is given in the question).
B1 | Sketch showing the curve, the tangent through the origin and the other line which intersects the curve twice.
B1 | Explanation of the required inequality.

(i)

M1 | Consideration of gradients to establish equation.

Al | Correct equation.

Al | Justification that p? > gP (note that the answer is given in the question).
(iii)

B1 | Sketch with an appropriate line and the tangent through the origin.
B1 | Explanation that the gradient is less than that of the tangent.

B1 | Justification that intersection is at a positive value of y.

B1 | Observation that the conditions in part (ii) are satisfied.

B1 | Correct choice.

(iv)

B1 | Observation that this is the gradient of the line.

B1 | Conclusion about position of intersection.

M1 | Consideration of gradients to establish equation.

Al | Correct equation.

Al | Justification (note that the answer is given in the question).




Q2

(i) For n > 1, show by means of a substitution that fol 211 —x)"dx = fol x"(1 —x)" 1dxand

deduce that 2 f01 A1 -x)"dx =1,_,4.

__n_ 1 n-1 _ n+1 _
Show also, for n > 1, that I,, = — fo x"1(1 — x)"1dx and hence that I,, = 2t D) I, 1.

(ii) When n is a positive integer, show that I,, =

Lett=1—x
dx _ 4

dt
Atx=0,t =1.
Atx=1,t=0.

Therefore fol 11— x)"dx = — flo(l — )" 1tndt
So fol 11— x)"dx = fol (1 —x)" ldx *

fol 11— x)"dx + fol (1 —x)" ldx = fol "1 =)™ (1 — x) + x]dx,

So 2 fol x" 11 —x)"dx = 1,_;.

Integrating by parts:

_ N du _ n-1
Z—x,sodx—nx 1
av _ AN} —__1 1 _ g+t
™ 1-2)"sov n+1(1 x)

1
Therefore, I, = ﬁxn(l - x)n+1] + Lfol X1 (1 — x)"dx
0

n+1

R o N +1

I = — fo x™ 1 (1 —x)dx *
n 1

Therefore [,, = E(E L1 — In)

Which simplifies to I,, = ﬁln—r

(n)?
T (2n+1)!

IO=1

n n-1 n—2 1
Therefore I, =

2(2n+1) * 2(2n-1) © 2(2n-3) 7 ﬁ

Multiplying numerator and denominator by 2™n! = (2n)(2n — 2)(2n — 4) ... (2) gives:

(n1)?

n T (2n+1)!

(iii) Use the substitution x = sin?6 to show that I = g, and evaluate I3

2 2

&X — 25in 6 cos @
a0
Atx=0,6 =0.
Atx=1,60 =z

2 T
Therefore I+ = [2sin6 cos 6 x 2sin 6 cos 6 d6

2

1 z .2 1 T
s =3 [3sin*26d6 = 3 [21 — cos 40 d6
Which leads to [1 = % *
2

I —3/_2 T_ 3T

3 = =
5 24 "8 128

n

[10]

B1
Al

Al
B1

B1

M1
Al

Al

M1
Al

(4]
A1l
M1

M1

Al

(6]
B1

Al

M1

Al

M1
Al



(i)

B1 | Choice of an appropriate substitution.

Al | Differentiation.

Al | Correct substitution into the integral.

B1 | Ajustification is needed as the answer is given in the question.

B1 | Clear explanation as the answer is given in the question.

M1 | Identification of split used for integration by parts.

Al | Differentiation and integration.

Al | Integration by parts (note that the answer is given in the question).
M1 | Split the integral and write in terms of [,,.

Al | Simplify (note that the answer is given in the question).

(i)

Al | Evaluation of I.

M1 | Writing down an expression for I,, without reference to other cases of I.
M1 | Filling in the gaps in the product.

Al | Clear working to conclusion (note that the answer is given in the question).
(iii)

B1 | Differentiation.

Al | Correct substitution.

M1 | Use of double angle formulae.

Al | Correct solution (note that the answer is given in the question).
M1 | Substitution into formula from part (i).

Al

Correct answer.




Q3
(i) Given that the cubic equation x3 + 3ax? + 3bx + ¢ = 0 has three distinct real roots and ¢ < 0, show
with the help of sketches that either exactly one of the roots is positive or all three of the roots are [4]
positive.
To have three roots the shape of the graph must be (the axes can be translated):

Bl
Since ¢ < 0 the curve intersects the y-axis below the x-axis,
So there are two possibilities for the position of the origin: Bl
e The y-axis is to the left of the first root (from the left) B1
e The y-axis is between the second and third roots (from the left)
In the first case, all three roots are positive. B1
In the second case, one root is positive and the other two are negative.
(i) Given that the equation x3 + 3ax? + 3bx + ¢ = 0 has three distinct real positive roots show that [6]
a’?>b>0,a<0,c<0.(*
Differentiate to find the stationary points: M1
3x% + 6ax +3b =0, Al
There must be two distinct real solutions to this equation, so a? — b > 0, and so a? > b. Al
If all roots are positive, then the turning points must both be at positive values of x:
M1
Therefore —a — Va? — b > 0.
Thereforea < 0,
Al

va? — b < a, which means that b > 0.
Since the product of the roots is positive, ¢ < 0. Al



(iii) Given that the equation x3 + 3ax? + 3bx + ¢ = 0 has three distinct real roots and that ab < 0,
. ; . [5]
¢ > 0, determine, with the help of sketches, the signs of the roots.

If c > 0, then the y-axis must either pass between the first and second roots or to the right of the

. Bl

third root.

From the reasoning in part (ii), the turning points will be on the same side of the y-axisif b > 0 and M1

on opposite sides if b < 0. Al

If the roots were all negative, then the turning points would both be at negative values of x and so B1

both a and b would be positive, which would give ab > 0

Therefore there must be one negative and two positive roots. Al
(iv) Show, by means of an explicit example (giving values for a, b and c) that it is possible for the [5]
conditions of (*) to be satisfied even though the corresponding cubic equation has only one real root.

Changing the value of c translates the graph vertically and if the graph is moves sufficiently far B1

downwards there will only be one root.

Choose values for a and b (for example, a = —2 and b = 3).

Find the coordinates of the turning points: M1

—a++Va? —b =2 +1,sotheturning points areat x = 1 and x = 3. Al

The first one must be the maximum and its y-coordinate is equal to 4 + c. Al

This point needs to be below the x-axis, c = —5 will do. Al

a=-2,b=3,¢c=-5.



Note that the question requires the use of sketches, so no marks should be awarded to answers which are
based on the product of the roots is negative.

B1 | Sketch of the shape of a cubic that would admit three distinct real roots with a positive coefficient of x3.
B1 | Explanation that the y-intercept must be below the x-axis.

B1 | Identification of the two cases possible.

B1 | Matching of the two cases with the possibilities given in the question.

(i)

M1 | Differentiation of the equation.

Al | Setting equal to 0 to find turning points.

Al | Explanation of a® > b.

M1 | Consideration that both turning points are at positive values of x.

Al | Explanationofa <0and b >0

Al | Explanation of ¢ < 0 (note that some solutions may assume that this follows from part (i))

(iii)

B1 | Sketch of graph and explanation of where the y-axis must be.

M1 | Consideration of the positions of turning points.

Al | Explanation that the sign of b determines whether the turning points are on the same side of the y-axis or not.
B1 | Consideration of the case with all negative roots.

Al | Correct identification of nature of roots.

(iv)

B1 | Appreciation that changing the value of ¢ can generate a solution from any case that satisfies (*)
M1 | Use derivative to locate stationary points.

Al | Find values in chosen case.

Al | Find y-coordinate of maximum point.

Al | Choose an appropriate value for c.




Q4
(i) Suppose b is fixed and positive. As a varies, M traces out a curve (the locus of M). Show that x = —by
on this curve. Given that a varies with —1 < a < 1, show that the locus is a line segment of length

1
2b/(1 + bz)i. Give a sketch showing the locus and the unit circle.
The equation of the line passing through the point (a, 0) with gradient b isy = bx — ab.
The coordinates of P and Q therefore satisfy:
x? + (bx —ab)?> =1,
which simplifies to x?(1 + b?) — 2ab?x + a’b? — 1 = 0.

2
The x-coordinate of P is therefore ﬁ:’bz
N : . . . b
And so (substituting into the equation of the line) the y-coordinate is — 13?
Therefore x = —by on this curve. *

If b is fixed, the coordinates of P increase with the value of a, so the end-points of the line segment

will be determined by the values whena = —1anda = 1.
. -2 b b2 -b
The line segment goes from (1+b2 , 1+b2) to (1+b2 , 1+b21).

Therefore the length can be calculated as 2b/(1 + b?)z. *

[9]

Al

M1
Al

Al

Al

B1

M1
Al

B1



(ii) Find the locus of M in the following cases, giving in each case its cartesian equation, describing it
geometrically and sketching it in relation to the unit circle:

(a) ais fixed with 0 < a < 1, and b varies with —co < b < oo; [11]
(b) ab = 1, and b varies with 0 < b < 1.

If a is fixed then the coordinates of P satisfy x2 + y? = ax, M1

Al

which is the equation of a circle, centre (g, 0), radius g Bl

Bl

O o

If ab = 1, then the coordinates of P are (Lz_—lg
14b2’ 14b

Therefore the coordinates satisfy x? + y2 = —y, M1
Al

which is the equation of a circle, centre (0, — %), radius % Bl
Bl

Since 0 < b <1, a = 1 and so the locus is only the lower right quarter of the circle. B1
Bl

Y



(i)

Al | Equation of the straight line.

M1 | Eliminating one variable from the equation of the circle.

Al | Simplifying to a quadratic equation.

Al | Finding the x-coordinate of P (or the y-coordinate if x was eliminated rather than y).

Al | Finding the y-coordinate of P and confirming the relationship (note that the relationship is given in the
question.)

B1 | Finding the endpoints of the line segment.

M1 | Using the formula for the length of a line segment.

Al | Simplifying to the final answer (note that the answer is given in the question).

B1 | Parallel lines with locus perpendicular and passing through the centre of the circle.

(i)

M1 | Attempt to eliminate b from the parametric equations.

Al | Cartesian equation of circle.

B1 | Description as circle.

B1 | Correct centre and radius.

B1 | Circle centred on positive x-axis and passing through the origin.

M1 | Attempt to eliminate a and b from the parametric equations.

Al | Cartesian equation of circle.

B1 | Description as circle.

B1 | Correct centre and radius.

B1 | Explanation that the locus is only the lower right quarter of the circle.

B1 | Correct circle and clear indication of the section that is the locus.




Q5
(i) A function f(x) satisfies f(x) = f(1 — x) for all x. Show, by differentiating with respect to x, that
f' G) = 0. If, in addition, f(x) = f(%) for all (non-zero) x, show that f'(—1) = 0 and f'(2) = 0.
Differentiating f(x) = f(1 — x) with respect to x:
fre)=-=f(1-x)
Substituting x = = gives f' (l) =0.*
gx=:g - :

Differentiating f(x) = f (i) with respect to x:
1

Fr@=-5r()

Substituting x = —1 gives f'(—1) = 0. *
Substituting x = 2 gives f'(2) = %f’ (%) =0.*

" . . . (xz—x+1)3
(ii) The function f is defined, for x # 0 and x = 1, by f(x) = ot

Show that f(x) = f(%) and f(x) = f(1—x).

Given that it has exactly three stationary points, sketch the curve y = f(x).

1) _ (xiz(l—x+x2)>3
f(x) (x—g(x—xz))z ’
sof (2) =8 = iy »
_ 5 (G004’
fA—=x) (an1))

_ (x2-x+1)°

sof(l—x)—w=f(x)*

. . 1
The three stationary points mustbeatx = —1, x = 3 and x = 2.

. 27
At each of these points, f(x) = -
The curve has vertical asymptotesat x = 0andx = 1

[5]

M1

Al

M1

Al
Al

(8]

M1
Al

M1
Al

B1

Al
B1



. . . 27
(iii) Hence, or otherwise, find all the roots of the equation f(x) = ” and state the ranges of values for

which f(x) > %.

Find also the roots of the equation equation f(x) = % and state the ranges of values for which

fO >3,
Therootsarex = —1,x = % and x = 2 (as found above). It is clear from the graph that there are only Al
three roots.
By considering the graph, the range of values is:
x<—1,-1<x<0,0<x<%i<x<1,1<x<2andx>2 Al
By inspection x = 3 is a root of the equation f(x) = %. Al
By considering the graph it is clear that there are six roots in total. B1
The other roots can be obtained by the properties of f(x) proved in part (ii):
XxX==2,x= % Al
x=—%,x=§,x=§. Al
By considering the graph, the range of values is: AL

1 1 2 3
x<—2,—5<x<0,0<x<§,§<x<1,1<x<5andx>3.




(i)

M1 | Application of the chain rule to differentiate /(1 — x).

Al | substitution to obtain f' (%) = 0 (note that the answer is given in the question).

M1 Application of the chain rule to differentiate f (i)

Al | Substitution to obtain f'(—1) = 0 (note that the answer is given in the question).

Al | Substitution and relation to first part to obtain f'(2) = 0 (note that the answer is given in the question).

(i)

M1 | Substitution of % for x in the function f.

Al | Clear simplification to obtain f (i) = f(x) (note that the answer is given in the question).

M1 | Substitution of 1 — x for x in the function f.

A1l | Clear simplification to obtain f(1 — x) = f(x) (note that the answer is given in the question).

B1 | Correct stationary points on the graph.

Al | All three stationary points at the same height.

B1 | Vertical asymptotes.

B1 | Shape of the graph (line of symmetry at x = %)

(iii)

Al | The correct three roots.

Al | The correct set of ranges.

Al | Any one root found by inspection.

B1 | Understanding that there will be six roots (award this mark if all six roots are found even if there is no explicit
statement).

Al | The two roots found by applying the properties of f directly to the first root found.

Al | The remaining three roots.

Al | The correct set of ranges found from the graph.




Q6

Un—Un-2

(i) Show that, forn > 3, u,,, —u, = W) Aty [5]
_ 1 _ 2Up_p+1 . _ 2up+1 M1
u, =1+ — === and similarly, u,,, = .
1+U—n—2 1+un_» 1+uy Al
Al
_ _ 2up+1 _ 2Uup_p+1 . . ope _ — Up—Up—2 %
Therefore u,,, —u, = o Ttuny which simplifies to u,, — u, Aru) (i) M1
as required. Al
(ii) Prove, by induction or otherwise, that 1 < u,, < 2 for all n. [4]
u; =1,s01<u; <2. Bl
Assume that 1 < u, < 2:
Thenugy =1+ L M1
Uk
1 _1 3
ESu—kﬁl,SOESuk_,_lSZ. M1
Thereforeif 1 < uy < 2,then1 < upyq < 2. Al

By induction, 1 < u,, < 2 foralln.

(iii) Show that the sequence u4, us, us, ... tends to a limit, and that the sequence u,, 14, ug, ... tends to a

limit. Find these limits and deduce that the sequence u4, u,, us, ... tends to a limit. [11]

Would this conclusion change if the sequence were defined by (*) and u; = 3?
uz —uq > 0 and so the result in part (i) shows (inductively) that

M1

Upk41 — Uzk—1 > 0 forall values of k.
Therefore uq, us, us, ... is an increasing sequence. Al
Part (ii) shows that the sequence is bounded above. B1
Therefore the sequence tends to a limit. B1
Similarly:
Uy — Uy < 0and so the result in part (i) shows (inductively) that Al
Upk42 — Uz < 0 forall values of k.
Therefore —u,, —u,, —ug, ... is an increasing sequence and is bounded above (by -1)
Therefore the sequence tends to a limit. Bl
If the limit is L (for eith ), then L = 241

e limitis L (for either sequence), then L = —— M1
Therefore L = 1+2\/§. Al
Both sequences converge to the same limit and therefore u4, u,, us,... also converges to this limit. Bl
Ifu; = 3,thenu, = g, which is between 1 and 2, so the arguments given will still hold. Bl

Bl



(i)

M1 | Expression of u,, in terms of u,_,.

Al | Correct simplification.

Al | Equivalent expression found for u,,, 5.

M1 | Expression for difference.

Al | Simplification to the required result (note that the answer is given in the question).
(i)

B1 | Verify the first case.

M1 | Find uy 44 in terms of u,.

M1 | Justify that 1 < up,q < 2.

Al | Conclusion.

(iii)

M1 | Considering the sign of Uyp 41 — Usj_1-

Al | Concluding that the sequence is increasing.

B1 | Observing that the sequence is bounded above.
B1 | Concluding that the sequence converges to a limit.
Al | Concluding that it is a decreasing sequence.

B1 | Concluding that the sequence converges to a limit.
M1 | Appropriate method to find the limit.

Al | Correct value (justifying choice of positive root).
B1 | Conclusion that sequence converges to a limit.

B1 | Calculation of u,.

B1 | Observation that all reasoning will still hold from this point.




Q7
(i) Write down a solution of the equation x* — 2y? = 1 (*), for which x and y are non-negative integers.
Show that, if x = p, y = q is a solution of (*), then so alsois x = 3p + 4q, y = 2p + 3q. Hence find two
solutions of (*) for which x is a positive odd integer and y is a positive even integer.

Any valid solution.e.g.x =1,y = 0.

Bp +49)? — 2(2p + 39)? = (9p? + 24pq + 16q?) — 2(4p? + 12pq + 9q?)

Which simplifies to p? — 2¢2.

Therefore, if p2 —2¢q%> =1, B3p + 4¢)? —2(2p +3¢9)?> =1

Soifx = p,y = qis a solution of (*), thensoalsois x = 3p + 4q,y = 2p + 3q.
Applying this to the initial solution gives the further solutions:

x=3,y=2

x=17,y =12
(ii) Show that, if x is an odd integer and y is an even integer, (*) can be written in the form
n? = 1m(m + 1), where m and n are integers.

2
If x is written as 2m + 1 and y is written as 2n, then (*) becomes:

@m+1)?-2(2n)? = 1
8n? = (2m + 1)? — 1 which simplifies to n? = %m(m + 1.

(iii) The positive integers a, b and c satisfy b3 = c* — a*, where b is a prime number. Express a and c? in
terms of b in the two cases that arise. Find a solution of b3 = ¢* — a*, where a, b and c are positive
integers but b is not prime.

b3 =(c? —a)(c?® + a).

Since b is prime, b3 can only be written as a product of 2 factors in 2 ways: (1 X b3) and (b X b?)

In the first case:
b3-1 5  b3+1
2’7 T 2
In the second case:
b(b-1 b(b+1
a= (2 ),sz (2 )

a =

From the solution x = 17, y = 12, the solution a = 28, b = 8, ¢ = 6 can be obtained.

(7]

B1
M1
M1
Al

B1

B1
B1

3]

B1
M1
Al

[10]

Al
B1
B1

M1
Al

M1
Al

M1
M1
Al



(i)

B1 | Any solution of the equation with non-negative integers.

M1 | Substitution of x = 3p + 4q, y = 2p + 3q into the equation.

M1 | Correct expansions.

Al | Simplification.

B1 | Convincing explanation of the result.

B1 | Solution found by applying the result just shown to initial solution (or the initial solution itself if it satisfied the
conditions of this part of the question).

B1 | Solution found by applying the result just shown to the solution above.

(i)

B1 | Expression of x as 2Zm + 1 and y as 2n.

M1 | Substitution into the equation.

Al | Simplification (note that the final equation is given in the question).

(iii)

Al | For factorising the RHS.

B1 | For recognising one of the possible pairs.

B1 | For recognising the other pair.

M1 | Generating the simultaneous equations in the first case.

Al | Solving for a and c?

M1 | Generating the simultaneous equations in the second case.

Al | Solving for a and c¢?

M1 | For recognition that the solution to part (ii) provides possible values of b and c.

M1 | For applying the solution to part (i) to find values for b and c.

Al | For finding the value of a. (note that a solution that satisfies the criteria should be awarded all three marks

regardless of whether it follows from earlier answers to the question).




Qs
(i) For t = 0, let Ay(t) be the area of the largest rectangle with sides parallel to the coordinate axes that
can fit in the region bounded by the curve y = f(x), the y-axis and the line y = f(t). Show that 4, (t)
can be written in the form Ay (t) = xo(f(xo) — f(t)), where x, satisfies xof' (xg) + f(xo) = f(0).

For a given value of t, the largest rectangle with a width of x will have a height of f(x) — f(t) and so

its area will be x(f(x) — f(t)).

Differentiate to find maximum:

fG)—f@) +xf'(x) =0

Therefore Ay (t) can be written in the form Ay (t) = xo(f (xo) — f (1)),

where x, satisfies xo f' (xg) + f(xo) = f(t). *

(i) The function g is defined, for t > 0, by g(t) = %f(ff(x)dx.
Show that tg'® = f(t) — g(t).
Making use of a sketch show that, for t > 0, f;(f(x) — f(t))dx > Ay(t)
and deduce that —t%g’(t) > Ay (t).
tg(®) = [, f()dx.
Therefore (by differentiating), tg’® + g(t) = f(¢).
Sotg"® = f(t) — g(©).
Sketch showing the area represented by fot(f(x) — f(t))dx — the region bounded by the curve
y = f(x), the y-axis and the line y = f(t).
An indication that the rectangle with area A, (t) is contained within this region.

Evaluation of the LHS of the inequality as tg(t) — tf (t).
Factorisation as —t(f (t) — g(t)) and substitution of the first result from this section to obtain
—t2g'(t) > Ap(b). *

_ 1 . . . 1
(iii) In the cas? ft(xz = v :se the above to establish the inequality InvV1 +t > 1 mfor t>0.
gt) == —dx=;[ln|1+x|]6,

011+x
So g(t) = cIn (1 +1).
’ __1r 1
g = ey In (1 +t).
. pe _ X0 1 _ i
X satisfies Toxg)? + Toxy 140

Soxy =—1++1+t.(sincexy > 0)
And Ap(8) = (1 +VTFD) (- =) =1- =+

VItt 1+t T+ | 1+t
t 2 1
Therefore — -+ In(1+0)>1-==—+—

_ 1 o«
Invi+t>1 NeET

(4]

M1
Al

Al

(7]

M1
Al

B1

B1

Al
M1
Al

[9]
M1

Al

M1
Al

M1

Al
M1
Al

Al



(i)

B1 | For finding the area of the largest rectangle for a particular width.

M1 | Differentiation of the formula for the area.

Al | Correct derivative.

Al | Convincing explanation of how this leads to the required result (note that the result is given in the question).
(i)

M1 | Differentiation of a formula including g (t).

Al | Correct rearrangement (note that the answer is given in the question).

B1 | Graph showing the required region.

B1 | Clear indication that the rectangle with area Ay (t) is contained in this region.

Al | Correct evaluation of the integration.

M1 | Simplification of the resulting inequality.

Al | Clear justification of the inequality (note that the inequality is given in the question).
(iii)

M1 | Integration of f(x).

Al | Expression for g(t).

M1 | Differentiation of g(t).

Al | Correct expression.

M1 | Process to find Ay (t).

Al | Correct value of x;

M1 | Evaluation of Ay (t)

Al | Simplification of expression found.

Al | Substitution into inequality and simplification to give required result (note that the final inequality is given in

the question).




Q9
(i) Show that the normal reaction between the horizontal surface and a disc in contact with the surface is

3
% W, (3]
The reaction force between a disc and the horizontal surface is R;.
By symmetry, the reactions for the two points of contact with the horizontal surface are equal. Bl
Resolving vertically: M1
2Rg = 3W, 50 Rs == W. * Al
(ii) Find the normal reaction between two discs in contact and show that the magnitude of the frictional
N . Wsino [10]
force between two discs in contact is ——.
2(1+cos 09)
The frictional force between a disc and the horizontal surface is Fs. The frictional force between two
discs is Fp.
Taking moments about the centre of a lower disc: M1
FS == FD' Al
The reaction force between two discs is Rp.
Resolving horizontally for a lower disc: M1
Fg + Fp cos 8 = Rp sin 6. Al
Resolving vertically for the upper disc: M1
W = 2Rp cos 0 + 2F, sin 6. Al
Eliminating the frictional forces:
in2 M1
W = 2Rp cos 8 +w.
1 14+cos@
RD = E W. A1
Substituting into one of the equations gives: M1
_  _Wsing
Fs = 2(1+cos )’ Al
(iii) Show that if u < 2 — /3 there is no value of 0 for which equilibrium is possible. [7]
Since all frictional forces are equal and R < Ry, slipping will occur first between the two discs. Bl
L s . . .. Wsinf 1
> <=
Th.erefore equilibrium is only possible if 2(1rc0s) = 2 uw.
sin @ <u M1
14+cos6 Al
As @ increases, sin 8 increases and 1 + cos 6 decreases, so 1?;10?6 increases. Bl
Since the lower two discs cannot overlap, 8 > %. M1
Al

sinf . 1
Trcos0 S therefore v 2 —+/3.

There will be no value of 8 for which equilibrium is possible if u < 2 —+/3. * Bl

The smallest possible value of



(i)

Bl | Use of symmetry to identify that the two reactions are equal.

M1 | Resolving vertically.

Al | Establishing that Rg = EW (note that the answer is given in the question).

(i)

M1 | Applying moments about the centre of a lower disc.

Al | Establishing that all frictional forces are equal.

M1 | Resolving forces horizontally for the lower disc.

Al | Correct equation.

M1 | Resolving forces vertically for the upper disc.

Al | Correct equation.

M1 | Elimination of the frictional forces from the equations.

Al | Correct value for Rp.

M1 | Substitution into one of the equations.

Al | Correct working to the value of the frictional force (note that the answer is given in the question).
(iii)

B1 | Observation that slipping will occur first between the discs.

M1 | Using the limiting value of friction to establish an inequality / critical value.

Al | Correct inequality.

Bl Establishing that 13:139 is an increasing function.

M1 | Identifying that there is a minimum value of 8 defined by the geometry of the situation.
Al | Correct evaluation of this value of 6.

B1 | Calculation of minimum value for 6 and statement of the conclusion (note that the critical value is given in

the question).




Q10

(i) Show that, at a general point on the trajectory, 2tan 8 = tan a + tan ¢.

If the point of projection has coordinates (0, 0) and the general point has coordinates (x, y), then:

x = kcos 8 and y = ksin 0, for some positive value of k.

Assume that the initial velocity was u and the velocity at the general point is v.
Vertically:

ksin 0 = utsin a — %gt2

vsin¢g =usina — gt

Horizontally:

kcos 8 = utcos a
vcos ¢ = ucos a

Eliminating t:

ksin0 =u (—kws 9) sina — = (—kcos 9) (usin a — vsin ¢)
ucos «a 2 \ucos a

Simplifying:

tan @ =tana—%(tana—tan¢))
2tanf =tana + tang *

(ii) Show that, if B and C are the same point, then ¢ = 60°.

(iii) Given that a < 60°, determine whether the particle reaches the point B first or the point C first.

Ifo = %aand ¢ = —%athen:
2 tan Ga’) = tana — tan Ga), sotana = 3tan Ga).
tan(%a)

2 1
Therefore W = 3tan (E a)
Since tan (% a) # 0, 3tan? G a) =1
Therefore tan (% a) = ?, which leads to a = 60°. *

If tg is the time that the particle reaches B:

. 1
1 usina—-gtp ¢
tan(—o:)=—2 = tana — —Z&
2 ucosa 2ucosa

If tc is the time that the particle reaches C:

(using the equations from part (i))

1 ina—gt t . . .
—tan (— a) = LIML7I%C — tan g — L€ (using the equations from part (i))
2 ucosa ucosa

Therefore, subtracting the second equation from twice the first gives:
1
3tan(za) = tana + —2— (t; — tp)
1

ucosa
1
ucisa > 0,so t; > tg when 3 tan (Ea) > tana and t¢ < tg when 3 tan (2 a) <tana

1 . . .
If a < 60°, 3tan (E a) > tan a so t; > tg, meaning that B is reached first.

(8]
B1

M1
Al
Al

B1
B1

M1

Al

(4]

Al

M1
Al

Al

M1
Al

M1
Al

M1
Al

M1
Al



(i)

B1 | For identifying the different variables that need to be considered (the position of the particle and its velocity at
the general point).

M1 | Application of the formulae for uniform motion in the vertical direction.

Al | Correct formula relating to the displacement.

Al | Correct formula relating to the velocity.

B1 | Correct statement of horizontal displacement.

B1 | Correct statement of horizontal velocity.

M1 | Elimination of t from the equations.

Al | Correct justification (note that the answer is given in the question).

(i)

Al | Simplification of the result from part (i) in this case.

M1 | Use of formula for tan 2A4.

Al | Simplification of equation.

Al | Solution leading to a = 60° (note that the answer is given in the question).

(iii)

M1 | Use of the equations from part (i) to find an expression for t5.

Al | Simplification of equation.

M1 | Use of the equations from part (i) to find an expression for t..

Al | Simplification of equation.

M1 | Linear combination of simultaneous equations to find t. — tg (or attempt to solve the simultaneous
equations).

Al | Correct expression for t, — tg.

M1 | Consideration of the value of t; — tg in the case a < 60°.

Al

Conclusion that B is reached first.




Q11
(i) Show that, after the second collision, the speeds of the particles are %u(l —e), %u(l —e?*) and

[11]
iu(l + e)?. Deduce that there will be a third collision whatever the value of e.
First collision:
Conservation of momentum: mu = mv; + mv, Bl
Law of Restitution: v, — v; = e(u — 0) B1
Solving simultaneously:
v1=lu(1—e)* M1
2 Al
1
vy = Eu(l + e)
Second collision:
Conservation of momentum: %mu(l +e)=mv', +mv'y B1
Law of Restitution: v's — v, = e(%u(l +e)—0) B1
Solving simultaneously:
vy = tu(l—e?)* M1
o1 ) A1
vy = Zu(l +e)? *
A third collision will occur if v; > v',. B1
_y =1 9, (1 _ 02
V1 Vo, = g‘u(z 2e (1 e )) M1
v, —v', =Zu(1—e)2 > 0 for all values of e Al
(ii) Show that there will be a fourth collision if and only if e is less than a particular value which you [9]
should determine.
Third collision:
Conservation of momentum: %mu(l —e)+ imu(l —e)=mv''; +mv'", B1
Law of Restitution: v'', —v'"’'; = e(%u(l —e)— %u(l —e?)) = ieu(l —e)? B1
Solving simultaneously: Al
v’y =zuB3—e)(1—e)(1+e) B1
Bl
For a fourth collision, we require v'', > v';
“uB—e)(1—e)1+e) —;u(l+e)? =-u(l+e)(3—4e +e? — 2 —2e) M1
%u(l +e)(e? —6e+1) > 0,sosince e > 0 we requiree? —6e+1 >0 Al
e<3-2V2 M1

Al



(i)

B1 | For correct statement of momentum before the first collision. (Accept u = v; + v,)

B1 | For applying law of restitution.

M1 | For attempting to solve the equations.

Al | For correctly finding v; and v,. (note that the value of v is given in the question)

B1 | For correct statement of momentum before the second collision. (Accept %u(l +e)=v,+7;5)

B1 | For applying law of restitution.

M1 | For attempting to solve the equations.

Al | For correctly finding v', and v'5. (note that these values are given in the question)

B1 | For observing that a third collision will require v; > v'5.

M1 | For simplifying the expression for v; — v’,.

Al | For ajustification that v; > v',

(i)

B1 | For correct statement of momentum before the third collision.

B1 | For applying law of restitution.

A1 | For finding a correct expression for v'’, (note that it is not necessary to find the value of v"’;).

B1 | For factorising part of the expression for v"’, (for example leaving it as a difference of two factorised parts).

B1 | For fully factorising the expression for v'’,.
Note that these two marks are to simplify the next part of the calculation — a correct final answer should be
awarded these marks if the factorisation was not done and the more complicated algebra was followed
through.

M1 | For establishing the correct inequality.

Al | For simplifying it to the quadratic inequality to be solved.

M1 | For applying an appropriate method to solving their inequality.

Al

For the correct solution.




Q12
(i) Find E(X) and E(Y) in terms of 4, a and 8 where
13

2ot
a=1+_+_ -+ andﬂ——+—+

—).AZT—l

EX) =3¥r,(2r — 1)<

2r-1)!
_ g -Ayn AT )
E(X) = e Pl = ale
Tl e—AAZT
E(Y)=Xrq1(2r )W
) _ )
E(YY)=2e""Y", (2r i = Ble

Aa+2%B A2a?

(ii) Show that Var(X) = wif  @ip)?

15

51!

and obtain the corresponding expression for Var(Y). Are there

any non-zero values of A for which Var(X) + Var(Y) = Var(X + Y)?

2 _ 1

a+p
-Aj32r-1
2\ 2€ A
EX®) = Xra2r = D)
A 2r-2
D

+/1 Ay

E(X?) = e * Y™ 1(2r

2y — 32,-4
E(X ) A ZT‘ 2(2 3)'
E(X?) = pA%e ™ + ate™
Var(X) = pA%e ™ + ale™* — (ale‘l)z
Var(x) = Aa+A%pB A2a?

AZT -2

=1 (2r—2)!

a+p (a+p)?
_Alz
E(Y?) = X7 (2r)? 55,
2 _ -2 AZT 1
E(Y?) =2e ™Y1 1(21’) (=
2y — 122 ) Azt
E(Y?) = X 1(2 2)'+l X 1 r-1)

E(Y?) = ar’e ™ 4+ Bre ™
Var(Y) = aA’e™ + fre™* — (ﬁle‘l)z

_AB+2%a 222
Var() = =05 ~ Gpr

Var(X +Y) will be the same as Var(U) = 1
Aa+2?f  APa’ | Ap+A’a  A2B?
Var(X) + Var(Y) = wif  @ip)y? + wif  @ip)y
Var(x) + Var(r) = 1+ 22 (1 - H50)
ar ar(Y) = i p)

These can only be equal if one of a and f is zero. Since @ > 0 and 8 > 0, Var(X) + Var(Y) cannot

equal Var(X +Y)

[5]

M1
M1
Al

M1
Al

[15]

B1

M1

M1

Al
M1

Al

M1

M1

Al
M1

Al

Bl
M1

Al

B1



(i)

M1 | For a correct statement of the sum required to calculate either E(X) or E(Y)
M1 | For extracting the factor of Ae~* from the sum in the calculation for E (X).
Al | For the value of E(X). It is not necessary to write e % as ﬁfcr this mark.
M1 | For extracting the factor of le~* from the sum in the calculation for E (Y).
Al | For the value of E(Y). It is not necessary to write e~ as ﬁ for this mark.
(i)

B1 | For recognising that e™* = ﬁ This mark could be awarded at any point in the question (including in part (a)).
M1 | For a correct statement of the sum required to calculate E(X?).

M1 | For separating out into two sums that can be expressed in terms of @ and .
Al | For the correct value of E(X?).

M1 | For substituting their values of E(X) and E(X?) into the formula for Var(X).
Al | For obtaining the value of Var(X) (note that the answer is given in the question).
M1 | For a correct statement of the sum required to calculate E(Y?2).

M1 | For separating out into two sums that can be expressed in terms of @ and .
Al | For the correct value of E(Y?).

M1 | For substituting their values of E(Y) and E(Y?2) into the formula for Var(Y).
Al | For obtaining the value of Var(Y).

B1 | For realising that the variance of X + Y will be the same as the variance of U.
M1 | For calculating Var(X) + Var(Y) in terms of A, @ and f3.

A1 | For simplifying the expression for Var(X) + Var(Y).

B1 | For explaining why Var(X) + Var(Y) cannot equal Var(X +Y).




Q13
(i) Explain why P(A = 1) = p? + q* and find P(S = 1). Show that P(S = 1) < P(A = 1).
For A = 1 the first two tosses must have the same result (HH or TT)
Therefore P(A = 1) = p? + ¢* *
For § = 1 the first two tosses must have different results (HT or TH)
Therefore P(S = 1) = pq + qp = 2pq

Sincep #q, (p—q)? > 0.

P> —2pq+q*>0

p® +q* > 2pq

P(A=1) > P(S = 1) as required.

(i) Show that P(S = 2) = P(A = 2) and determine the relationship between P(S = 3) and P(A = 3).
For S = 2 the two possibilities are HHT and TTH.
For A = 2 the two possibilities are HTT and THH.
Since P(HHT) = P(THH) and P(TTH) = T(HTT), P(S =2) = P(A = 2).

For § = 3 the two possibilities are HHHT and TTTH.
For A = 3 the two possibilities are HTHH and THTT.
Since P(HHHT) = P(HTHH) and P(TTTH) = T(THTT), P(S = 3) = P(A = 3).

(iii) Show that, forn > 1, P(S = 2n) > P(A = 2n) and determine the corresponding relationship
between P(S = 2n+1)and P(A=2n+1).

For § = 2n the two possibilities are HH...HT and TT...TH.

For A = 2n the two possibilities are (HT)(HT)...(HT)T and (TH)(TH)...(TH)H.

P(S = 2n) = p?"q + pq*".

P(A — ZTl) — pn+1qn + pnqn+1.

Therefore P(S = 2n) — P(A = 2n) = pq(p™ — qM) ("1 — g™ 1)

Either (p" — q¢™) > 0and (p" 1 —q¢" 1) >0

or(p"—q") <0and (™t —q" 1) <o0.

Therefore P(S = 2n) — P(A = 2n) > 0and so P(S = 2n) > P(A = 2n)

For S = 2n + 1 the two possibilities are HH...HT and TT...TH.

For A = 2n + 1 the two possibilities are (HT)(HT)...(HT)HH and (TH)(TH)...(TH)TT.

P(S =2n+ 1) — p2n+1q + pq2n+1.

P(A =2n+ 1) — pn+2qn + pnqn+2'

Therefore P(S=2n+1) — P(A =2n+ 1) = pq(p™** — g )" ! — g 1)

Either ("t —g™*1) > 0and (p" 1 —g" 1) >0

or (pn+1 _ qn+1) < 0and (pn—l _ qn—l) < 0.

Therefore P(S=2n+1)—P(A=2n+1)>0andsoP(S=2n+1)>P(A=2n+1)

[5]
B1

M1
Al

M1

Al

(6]
B1
B1
B1

B1
B1
B1

(9]

M1
Al
Al
M1

Al

M1
Al
Al

Al



(i)

B1 | For identifying the possible sequences that resultin A = 1 and confirming that P(4 = 1) = p? + ¢°.

M1 | Foridentifying the possible sequences that resultin § = 1.

A1l | For correctly calculating P(S = 1).

M1 | For selecting an appropriate approach to showing that P(4 = 1) > P(S = 1).

Al | Foraclear justificationthat P(4 = 1) > P(S = 1).

(ii)

B1 | Foridentifying the possible sequences that resultin S = 2.

B1 | Foridentifying the possible sequences that resultin A = 2.

B1 | For explaining that the probabilities are equal (calculation of the probabilities is not required)

B1 | Foridentifying the possible sequences that resultin § = 3.

B1 | For identifying the possible sequences that resultin A = 3.

B1 | For explaining that the probabilities are equal (calculation of the probabilities is not required)

M1 | For identifying the sequence resultingin S = 2nor A = 2n.

Al | For correct calculation of P(S = 2n).

Al | For correct calculation of P(A = 2n).

M1 | For considering the difference of their P(S = 2n) and their P(4 = 2n).

Al | For justifying the inequality.

M1 | For identifying the sequence resultinginS =2n+1orA =2n + 1.

Al | For correct calculation of P(S = 2n + 1).

Al | For correct calculation of P(A = 2n + 1).

Al | For justifying the inequality.




