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STEP CORRESPONDENCE PROJECT

Assignment 22

Warm-up

1

This question is about the product rule for differentiating a product of two functions.
(i)  Use a rough sketch to show that (for any function f that can be differentiated)
f(x + h) ~ f(z) + hf'(x) (1)

when h is small.l

(ii) The function g is defined by g(x) = f;(z)f2(x), where f; and fy are two given (differ-
B) —
entiable) functions. Use the definition g'(z) = }LiH[l) gz + })b 8()
B
that

, then (), to show

g'(z) = fi(2)fa(z) + f1(2)f3(x) .

The exponential function e” is defined by the infinite series:

2 333 CL‘4

x
f =ltad gt (%)
(which converges for all x).

There are various definitions of the function e”, and you may well know a different definition
from the one above. For example, you can define it as the inverse function to the natural
logarithm In z, which is log, = (e being a certain number). Or you could define it as simply
e”, where e is the certain number again (though in this definition, you might worry about
the meaning of e* when z is not an integer).?

For this question, forget any definitions you know except for (x).

d
(i)  Use definition (x) to find T (e”).

d
(ii) Use definition (*) to find ey (e") where k is a constant.

(iii) Use the product rule to show that

(%v (emebx) = (a + b)e®e"®

Starting with this result, show that e®e™ = 1.

!The meaning of ‘small’ here can be made precise: essentially, we want the error in the approximation to be

smaller than A in the limit A — 0.

2In the usual notation (for A-levels, etc), the exponential function is written e, using roman type face e to show

that it is a function rather than a number, and we follow that convention (even though it doesn’t quite make sense).
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Preparation

3 (i)

(ii)

(iii)

(iv)

(iv)

Find the range of values of z for which 322 + 2 —2 < 0.
Sketch the curve y = e”.

Let f(x) = ze”. Show, using the product rule, that f'(z) = (z + 1)e”.

Can you get this result from the definition () without using the product rule?
This part concerns the curve y = (x — 3)e”.

(a) Differentiate (x — 3)e” and hence find the coordinates of the stationary point of
2

the curve y = (x — 3)e*. Use the sign of d—‘g to determine the nature of the
x
stationary point.

(b) Find the coordinates of the intersections of the curve with the axes. Determine
the values of  for which (z — 3)e” is negative.

(c) Sketch the curve y = (x — 3)e”. You may assume that as z — —oo, ze* — 0.
[Can you prove this result using definition (x) and 2(iii)?]

(d) Find the values of k for which the equation (z — 3)e” = k has two roots. Find
the values of k£ for which the equation has one root.

This part concerns the curve y = sin(x?).

(a) Sketch the curve y = sinx for —4nw < x < 4.
(b) Find the first four non-negative values of  for which sin(z?) = 0.
(c) If f(x) = sin(x?), express f(—a) in terms of f(a).

(d) Sketch the curve y = sin(x?) for —4 < x < 4.
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The STEP question

4 (i)  Sketch the curve y = (222 — 5z + 2).

Hence determine how many real values of = satisfy the equation e®(22% — 5z +2) = k
in the different cases that arise according to the value of k.

You may assume that x™e* — 0 as x — —oo for any integer n.

(ii) Sketch the curve y = e’ (22 — 52% 4 2).

Discussion

When sketching a curve, make sure you consider turning points, intersections with the axes, and
the behaviour as + — 4+00. You may be sure of the nature of the turning points without having to
calculate the second derivative (though you might calculate a second derivative just to be confirm
that your sketch is right).

The key to the second part is to work out how the two curves are related.

Warm down

5 Notation: for any polyhedron (i.e. three-dimensional solid whose surface consists of a collec-
tion of polygonal faces, joined at their edges), the number of faces is F', the number of edges
is ¥ and the number of vertices is V.

(i) Writedown F, E and V for a tetrahedron (a pyramid with a triangular base). Calculate
F—-E+4+V.

(ii) Repeat part (i) for cube.

(iii) A regular icosahedron has 20 faces, each of which is an equilateral triangle. What
is E7 What is V7 Don’t just write down the answers; provide brief justification.

(iv) The diagram below shows a cube with a small cubical hole dug into one face. Calculate
F-FE+V.




